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Jacobi Pseudospectral Method for
Solving Optimal Control Problems
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Introduction

T HE solution of optimal control problems via direct methods
has become popular in recent years and has been used to solve

a wide variety of problems successfully.1 The most common di-
rect methods can be grouped into 1) local and 2) global meth-
ods. Local methods have been termed direct collocation2 or direct
transcription.3 In local methods, a series of node points of arbitrary
spacing are defined at which both the state and control vectors are
collocated. The state equations are enforced as equality constraints at
internal collocation points between the nodes by implicit integration
techniques such as Simpson’s rule (see Ref. 4) or by Gauss–Lobatto
quadrature rules (see Ref. 2). In other words, the state equations are
enforced locally. Global or pseudospectral methods use globally
orthogonal interpolating polynomials based on the Gauss–Lobatto
points for Legendre (see Refs. 5 and 6) or Chebyshev (see Refs. 7 and
8) polynomials to approximate the state and control variables. The
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state equations are enforced by differentiating the approximating
polynomial at the corresponding Gauss–Lobatto points (which are
the zeros of the derivative of the interpolating polynomial), rather
than through numerical integration. Global methods are expected
to be more accurate than local methods because the discrete ad-
joint multipliers retain the same order of accuracy as the state equa-
tions, which is not true for certain classes of local methods [such
as the Hermite–Simpson (see Ref. 3) and particular Runge–Kutta
discretizations (see Ref. 9)]. Ross and Fahroo10 discuss these ideas
in detail.

The use of pseudospectral methods for solving optimal control
problems has been restricted in the literature to either Legendre
or Chebyshev methods. In this Note, the pseudospectral method is
generalized to consider collocation based on the roots of the deriva-
tives of general Jacobi polynomials. The Legendre and Chebyshev
nodes can be obtained as particular cases of the more general for-
mulation. Comparisons between different nodes can be obtained by
simply changing the parameters in the Jacobi polynomial. Appro-
priate selection of the Jacobi parameters may form an important
part in determining real-time solutions to nonlinear optimal control
problems.

Numerical Method
Statement of the Problem

Consider the problem of minimizing the performance index

J = φ[ẍ(t f ), ẋ(t f ), x(t f ), t f ] +
∫ t f

t0

[L(ẍ(t), ẋ(t), x(t), u(t), t)] dt

(1)

where t ∈ R, x ∈ Rn , and u ∈ Rm are subject to the dynamic
constraints

f [ẍ(t), ẋ(t), x(t), u(t), t] = 0, t ∈ [t0, t f ] (2)

and boundary conditions

ψ0[ẋ(t0), x(t0), t0] = 0 (3)

ψ f [ẋ(t f ), x(t f ), t f ] = 0 (4)

where ψ0 ∈ R p and ψ f ∈ Rq , with p ≤ n and q ≤ n, and the state
and control constraints

g[ẋ(t), x(t), u(t)] ≤ 0, g ∈ Rr (5)

Discretization of the State Equations
The Jacobi pseudospectral method for solving optimal control

problems, like the Legendre and Chebyshev methods, is based on
expanding the state and control trajectories using Lagrange inter-
polating polynomials. An arbitrary selection of node points can
lead to poor interpolation characteristics such as the Runge phe-
nomenon, and so the node points in pseudospectral methods are
chosen as the Gauss–Lobatto points. In this Note, the nodal points
are obtained as the extrema of the N th order Jacobi polynomial
P (α,β)

N , where α > −1 and β > −1 are parameters that determine
the characteristic of the polynomial. Jacobi polynomials are orthog-
onal over the interval (−1, 1) with respect to the weight function
w(τ) = (1 − τ)α(1 + τ)β and are the eigenfunctions of the Sturm–
Liouville problem (see Ref. 11)

(1 − τ 2)P ′′(α,β)

N + [(β − α) − (α + β + 2)τ ]P ′(α,β)

N

+ N (N + α + β + 1)P (α,β)

N = 0 (6)

The Legendre and Chebyshev polynomials belong to the class of
Jacobi polynomials and may be obtained by setting α = β = 0 for
Legendre and α = β = −0.5 for Chebyshev.
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In pseudospectral methods, the nodal points τk, k = 0, . . . , N ,
lie in the interval τ ∈ [−1, 1] and include the endpoints,
(τ0 = −1, τN = 1). These points are referred to as the Jacobi–Gauss–
Lobatto (JGL) points, where τk, 1 ≤ k ≤ N − 1, are the zeros of
P

′(α,β)

N and ()′ = d()/dτ . The JGL nodes, τ j , j = 0, . . . , N , may be
found by determining the eigenvalues of a modified Jacobi matrix,
as outlined by Gautschi.12 Because the nodes for the interpolating
polynomials lie in the domain τ ∈ [−1, 1], a linear transformation is
required to map the computational domain to the physical domain
t ∈ [t0, t f ],

t = (t f − t0)τ/2 + (t f + t0)/2 (7)

The state and control variables are approximated by N th-degree
polynomials

xN (τ ) =
N∑

j = 0

x̂ jφ j (τ ) (8)

uN (τ ) =
N∑

j = 0

û jφ j (τ ) (9)

where x̂ j , û j , j = 0, . . . , N , are the coefficients of the interpolating
polynomial. If it is desired that the coefficients x̂ j = xN (τ j ) and
û j = uN (τ j ), then it is clear that φ j (τ ) are the Lagrange interpolating
polynomials (derivation in Appendix A)

φ j (τ ) =
N∏

k = 0
k �= j

(
τ − τk

τ j − τk

)
= (τ 2 − 1)

(τ − τ j )

c j P ′(α,β)

N (τ )

N (N + α + β + 1)P (α,β)

N (τ j )

j = 0, . . . , N (10)

where

c j =




β + 1, j = 0

1, 1 ≤ j ≤ N − 1

α + 1, j = N (11)

To approximate the system dynamics, it is necessary to find ex-
pressions of the first and second derivatives of the approximating
polynomials at the JGL nodes. The derivatives of the approximat-
ing functions can be obtained by directly differentiating Eq. (8) to
obtain the Jacobi differentiation matrices

d(1)

k = x′
N (τk) =

N∑
j = 0

x̂ jφ
′
j (τk) =

N∑
j = 0

D(1)

k j x̂ j = [DxN ]k (12)

d(2)

k = x′′
N (τk) =

N∑
j = 0

x̂ jφ
′′
j (τk) =

N∑
j = 0

D(2)

k j x̂ j = [D2xN ]k (13)

where the coefficientsD(1)

k j andD(2)

k j are entries of (N + 1) × (N + 1)
differentation matrices, D and D2, respectively, and subscript k
indicates the kth element. Note that the state derivatives at any point
depend on the values of the states at every node point, which must
be contrasted with the way the state equations are approximated in
other collocation methods (such as the Hermite–Simpson method).
For the JGL points, the differentiation matrix may be written as

(derivation in Appendix B)

Dk j =




α − N (N + α + β + 1)

2(β + 2)
k = j = 0

N (N + α + β + 1) − β

2(α + 2)
k = j = N

P (α,β)

N (τk)

P (α,β)

N (τ j )

1

(τk − τ j )
1 ≤ k �= j ≤ N − 1

(α + β)τk + α − β

2
(
1 − τ 2

k

) 1 ≤ k = j ≤ N − 1

− P (α,β)

N (τ0)

P (α,β)

N (τ j )

1

(β + 1)(1 + τ j )
k = 0, 1 ≤ j ≤ N − 1

P (α,β)

N (τN )

P (α,β)

N (τ j )

1

(α + 1)(1 − τ j )
k = N , 1 ≤ j ≤ N − 1

P (α,β)

N (τ j )

P (α,β)

N (τ0)

(β + 1)

(1 + τ j )
j = 0, 1 ≤ k ≤ N − 1

− P (α,β)

N (τ j )

P (α,β)

N (τN )

(α + 1)

(1 − τ j )
j = N , 1 ≤ k ≤ N − 1

− (α + 1)

2(β + 1)

P (α,β)

N (τ0)

P (α,β)

N (τN )
k = 0, j = N

(β + 1)

2(α + 1)

P (α,β)

N (τN )

P (α,β)

N (τ0)
k = N , j = 0

(14)

The second derivative matrix D2 is obtained as D2 = (D)2.
The derivatives of the interpolating polynomials given in Eqs. (12)

and (13) are derivatives with respect to the parameter τ and not the
independent variable in the original problem, t . Derivatives with
respect to t are obtained as follows

dxN

dt
= dxN

dτ

dτ

dt
= 2

(t f − t0)

dxN

dτ
= 2

(t f − t0)
DxN (15)

The state equations (2) may be discretized as equality constraints as
follows:

f
{[

4
/

(t f − t0)
2
]
d(2)

k , [2/(t f − t0)]d
(2)

k , xk, uk, tk

}= 0

k = 0, . . . , N (16)

The discretization of the higher-order derivatives and its advantages
in reducing the number of optimization variables has been discussed
by Ross et al.13 and will not be elaborated on here.

Discretization of the Performance Index
The performance index may be approximated using a modified

spectral averaging method originally outlined by Trefethen.14 Con-
sider the integration of the function f (t) over the domain [t0, t f ],

I =
∫ t f

t0

f (t) dt = (t f − t0)

2

∫ 1

−1

f (τ ) dτ (17)

Equation (17) can be rewritten as an initial value problem as follows:

I ′ = [(t f − t0)/2] f (τ ), I (−1) = 0 (18)

where I = I (1). Equation (18) may be approximated via spectral
differentiation. The initial condition is incorporated by eliminating
the first row and column from the differentiation matrix D. If D̃ is
the resulting N × N matrix, then we have

I = [(t f − t0)/2]D̃−1f (19)

where I = {I (τ1), . . . , I (τN )}T, and f = { f (τ1), . . . , f (τN )}T. We
are interested in the value of the integral at the end of the interval,
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Fig. 1 Comparison of LGL weights and weights obtained from pro-
posed discretization method: a) for N even (N = 64) and b) for N odd
(N = 65).

which may be evaluated as

I = I (τN ) = [(t f − t0)/2]vTf (20)

where v = {v1, . . . , vN }T is the last row of D̃−1. This method of
integration ignores the value of f (τ ) at τ = −1, which can lead to
unrealistic initial control inputs in an optimal control problem. To
compensate for this effect, Eq. (17) can be identically written in the
following form:

I = 1

2

(t f − t0)

2

(∫ 1

−1

f (τ ) dτ −
∫ −1

1

f (τ ) dτ

)
(21)

The second integral term in Eq. (21) may be approximated in a
similar fashion to the first term. This allows the original integral to
be approximated by a finite sum,

I ∼= (t f − t0)

2

N∑
k = 0

f (τk)wk (22)

where

wk =




−ṽ0/2 k = 0

(vk − 1 − ṽk)/2 1 ≤ k ≤ N − 1

vN − 1/2 k = N (23)

and ṽ = {ṽ0, . . . , ṽN − 1}T is the first row of of the matrix ˜̃D−1, where˜̃D is obtained by eliminating the last row and last column from the
matrix D. Figure 1 shows a comparison of the weights obtained by
using Eq. (23) with the Legendre–Gauss–Lobatto (LGL) weights
used in high-order quadrature formulas for N = 64 and N = 65.
When N is odd, the LGL weights and the weights obtained from
Eq. (23) agree very well, but when N is even, there is consider-
able difference between the two. Numerical experiments reveal that
N should be odd for optimal approximation of integrals using the
preceding method.

Discretization of the Optimal Control Problem
The optimal control problem reduces to the following discrete

nonlinear programming problem: Find the coefficients

X = [x0, . . . , xN , u0, . . . , uN ]

to minimize

JN = φ

[
4

(t f − t0)2
d(2)

N ,
2

t f − t0
d(1)

N , xN , t f

]

+ (t f − t0)

2

N∑
k = 0

L
(

4

(t f − t0)2
d(2)

k ,
2

t f − t0
d(1)

k , xk, uk, tk

)
wk

(24)

subject to

f
{[

4
/

(t f − t0)
2
]
d(2)

k , [2/(t f − t0)]d
(1)

k , xk, uk, tk

} = 0

k = 0, . . . , N (25)

ψ0

{
[2/(t f − t0)]d

(1)

0 , x0, t0

}= 0 (26)

ψ f

{
[2/(t f − t0)]d

(1)

N , xN , t f

}= 0 (27)

g
{

[2/(t f − t0)]d
(1)

k , xk, uk

}≤ 0, k = 0, . . . , N (28)

Equations (24–28) constitute a nonlinear programming problem
that can be solved using standard optimization software such as
NPSOL.15

Numerical Example
The control problem6 is to find the thrust angle history γ (t) to

maximize the orbit radius r(t f ) in a given time subject to

ṙ = u (29)

θ̇ = v/r (30)

u̇ = v2/r − 1/r 2 + [T/(1 − |ṁ|t)] sin γ (31)

v̇ = −uv/r + [T/(1 − |ṁ|t)] cos γ (32)

[r, θ, u, v]t = 0 = [1.0, 0, 0, 1.0] (33)

[u, v]t = t f = [
0, 1

/√
r(t f )

]
(34)

where r is the orbit radius, θ is the orbit true anomaly, u is the radial
component of the velocity, v is the tangential component of the ve-
locity, t is the time, T is the thrust magnitude, γ is the thrust angle,
and −ṁ is the fuel consumption rate (constant). Note that canon-
ical units are employed. Solutions are obtained for T = 0.1405,
|ṁ| = 0.0749, and t f = 3.32. As in Ref. 6, the initial guess is gen-
erated by numerically integrating the equations of motion with a
constant value for the control of γ (t) = 0.001 rad. Solutions are
obtained in MATLAB® 5.3 running in Windows XP on a Pentium
4 2.4-GHz using NPSOL15 as the nonlinear solver. The Jacobians
of the constraints are provided in analytical form.

This problem was solved using N = 64 for a variety of α and
β. In each case, the performance index and computation time were
recorded. The results are given in Table 1. The problem was also
solved using a shooting method16 and the case of α = β = 1 is pre-
sented for comparison in Fig. 2.

Table 1 Comparison of cost function and computation times
for orbit transfer problem

α β J CPU time, s

−0.9999 −0.9999 −1.5252576 372.3
−0.99 −0.99 −1.5252608 373.4
−0.9 −0.9 −1.5252590 217.1
−0.8 −0.8 −1.5252569 432.9
−0.5 −0.5 −1.5252532 252.0
−0.3 −0.3 −1.5252530 613.1
0 0 −1.5252528 564.1
0.3 0.3 −1.5252529 290.6
0.5 0.5 −1.5252530 248.1
0.8 0.8 −1.5252533 274.1
1.0 1.0 −1.5252535 186.4
1.5 1.5 −1.5252547 146.2
2.0 2.0 −1.5252585 827.8
−0.9 0.9 −1.5252640 198.3
−0.7 0.7 −1.5252635 238.4
−0.5 0.5 −1.5252611 149.7
−0.3 0.3 −1.5252575 447.3
−0.1 0.1 −1.5252541 306.0
0.1 −0.1 −1.5252520 278.4
0.3 −0.3 −1.5252521 505.5
0.5 −0.5 −1.5252542 258.3
0.7 −0.7 −1.5252575 157.8
0.9 −0.9 −1.5252609 105.7
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Fig. 2 a) Optimal states for orbit transfer problem and b) thrust
direction: – – –, shooting solution and •, direct method with α=β = 1.

The results for the cost function in Table 1 are similar to those
obtained by Fahroo and Ross.6 Figure 2 shows the results for the
case when α = β = 1 and clearly illustrate that the method converges
to the optimal solution and that there is very close agreement with
the solution from the shooting solution. Table 1 shows that there is
only a small variation in the value of the cost as the value of α and β
are varied (0.0008% maximum). However, it is observed that there
is an extremely large variation in the computation time as α and β
are varied (maximum 12.03 min). This has significant implications
in choosing a suitable α and β for online computation of nonlinear
optimal trajectories.

Conclusions
A general pseudospectral method based on Jacobi polynomials

has been developed for solving optimal control problems. Numeri-
cal results indicate that significant differences in computation time
occur as the parameters of the Jacobi polynomial vary. When the
online calculation of optimal controls is considered, it may be im-
portant to choose the values of α and β that give the most efficient
computation time for the specific application. Further work is nec-
essary to address these issues.

Appendix A: Derivation of Lagrange
Polynomials for JGL Nodes

The general expression for a Lagrange interpolating polynomial
at N distinct nodes τk may be written as

φ j (τ ) =
N∏

k = 0
k �= j

(
τ − τk

τ j − τk

)
= g(τ )

(τ − τ j )g′(τ j )
, j = 0, . . . , N

(A1)
where

g(τ ) =
N∏

k = 0

(τ − τk) = (τ 2 − 1)P ′(α,β)

N (τ ) (A2)

g′(τ j ) =
N∏

k = 0
k �= j

(τ j − τk) (A3)

by definition of the node points. The Jacobi polynomials P (α,β)

N are
eigenfunctions of the Sturm–Liouville equation

(1 − τ 2)P ′′(α,β)

N + [(β − α) − (α + β + 2)τ ]P ′(α,β)

N

+ N (N + α + β + 1)P (α,β)

N = 0 (A4)

It may be verified that
[
(1 − τ 2)P ′(α,β)

N

]′ = (1 − τ 2)P ′′(α,β)

N − 2τ P ′(α,β)

N (A5)

Differentiating Eq. (A2), and utilizing Eqs. (A4) and (A5), one
obtains

g′(τ ) = [(β − α) − (α + β)τ ]P ′(α,β)

N

+ N (N + α + β + 1)P (α,β)

N (A6)

At the internal nodes τ j , 1 ≤ j ≤ N − 1, P ′(α,β)

N = 0 by definition of
the nodes, and hence, from Eq. (A6),

g′(τ j ) = N (N + α + β + 1)P (α,β)

N (τ j ), j = 1, . . . , N − 1

(A7)

At the endpoints, τ0 = −1 and τN = 1, Eq. (A4) can be used to
obtain

P ′(α,β)

N (τ0) = − N (N + α + β + 1)P (α,β)

N (τ0)

2(β + 1)
(A8)

P ′(α,β)

N (τN ) = N (N + α + β + 1)P (α,β)

N (τN )

2(α + 1)
(A9)

Substitution of Eqs. (A8) and (A9) into Eq. (A6) yields

g′(τ0) = N (N + α + β + 1)P (α,β)

N (τ0)

β + 1
(A10)

g′(τN ) = N (N + α + β + 1)P (α,β)

N (τN )

α + 1
(A11)

Subtituting Eqs. (A7), (A10), and (A11) into Eq. (A1) gives the
desired expression

φ j (τ ) = (τ 2 − 1)

(τ − τ j )

c j P ′(α,β)

N (τ )

N (N + α + β + 1)P (α,β)

N (τ j )

j = 0, . . . , N (A12)

where

c j =




β + 1, j = 0

1, 1 ≤ j ≤ N − 1

α + 1, j = N (A13)

Appendix B: Derivation of Jacobi
Differentiation Matrix

In Appendix B, the derivation of the Jacobi differentiation matrix
is outlined. The general expression for a Lagrange interpolating
polynomial at N distinct nodes τk may be written as

φ j (τ ) = g(τ )

(τ − τ j )g′(τ j )
, j = 0, . . . , N (B1)

Differentiating Eq. (B1) gives the entries of the differentiation ma-
trix D, whose entries are given by

φ′
j (τk) =Dk j =




g′(τk)

(τ − τ j )g′(τ j )
, k �= j

g′′(τ j )

2g′(τ j )
, k = j

(B2)

where the diagonal elements are computed using L’Hospital’s rule.

Off-Diagonal Elements
All of the off-diagonal elements are obtained by substituting

Eqs. (A7), (A10), and (A11) into Eq. (B2).
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Diagonal Elements
Differentiate Eq. (A6) to obtain

g′′(τ ) = [(β − α) − (α + β)τ ]P ′′(α,β)

N + [N (N + α + β + 1)

− (α + β)]P ′(α,β)

N (B3)

At the internal nodes τ j , 1 ≤ j ≤ N − 1, P ′(α,β)

N = 0 by definition of
the nodes. Utilizing Eq. (A4), one obtains

P ′′(α,β)

N (τ j ) = N (N + α + β + 1)P (α,β)

N (τ j )(
τ 2

j − 1
) (B4)

Substituting Eqs. (A7), (B3), and (B4) into Eq. (B2) yields

φ′
j (τ j ) = (α + β)τ j + α − β

2
(
1 − τ 2

j

) , j = 1, . . . , N − 1 (B5)

For the endpoint expressions, differentiate Eq. (A4) to obtain

P ′′(α,β)

N (τ0) = [N (N + α + β + 1) − (α + β + 2)]

2(β + 2)

× N (N + α + β + 1)P (α,β)

N (τ0)

2(β + 1)
(B6)

P ′′(α,β)

N (τN ) = [N (N + α + β + 1) − (α + β + 2)]

2(α + 2)

× N (N + α + β + 1)P (α,β)

N (τN )

2(α + 1)
(B7)

Substituting Eqs. (B6) and (B7), together with Eqs. (A8) and (A9),
into Eq. (B3) gives expressions for g′′(τ0) and g′′(τN ), which may
be substituted into Eq. (B2) to give the remaining matrix elements.
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Interferometric Observatories
in Earth Orbit

I. I. Hussein,∗ D. J. Scheeres,† and D. C. Hyland‡
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I. Introduction

W E propose a class of satellite constellations that can act as
interferometric observatories in Earth orbit. Based on tech-

niques discussed in Refs. 1–3, the satellite constellation is capable of
forming high-resolution images in timescales of a few hours without
the need for active control beyond that needed for corrective ma-
neuvers. First, we discuss the requirements to achieve these imag-
ing goals. Next, we define a class of constellations that can achieve
these goals. An optimization procedure is also defined that supplies
m pixels of resolution with a minimum number of satellites. For the
example considered, this procedure results in an observatory that
is within 0–2 satellites from a lower bound of

√
m satellites. The

zonal J2 effect is used to scan the observatory across the celestial
sphere. Finally, we discuss the practical implementation of these
observatories.

II. Imaging Requirements
Interferometric imaging is performed by measuring the mutual

intensity (the two-point correlation4) that results from the collec-
tion and subsequent interference of two electric field measurements
of a target made at two different observation points. While mov-
ing relative to each other, the satellites collect and transmit these
measurements, which are later combined at a central node by use of
precise knowledge of their locations and timing of data collection.
A least-squares-error estimate of the image can be reconstructed
given the mutual intensity measurements, parameters of the opti-
cal system, and the physical configuration of the observatory. To
assess the quality of the reconstructed image, the reconstructed im-
age is Fourier transformed into a two-dimensional plane of spatial
frequencies (the wave number plane). At any given point on the
wave number plane, the modulation transfer function (MTF) is de-
fined as the ratio of the estimated intensity to the true image inten-
sity. For an interferometric imaging constellation, the MTF can be
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